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Abstract 


We obtain an energy inequality on null surfaces u = const in the Bondi- 
Sachs formalism. We show that for a sufficiently regular event horizon H 
there is an affine radial coordinate which is constant on H. Then the energy 
inequality can be prolongated to the horizon giving an estimation which is 
closely related to the Penrose inequality. We test it for the Kerr solution 
written in the Fletcher-Lun coordinates. 
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1 Introduction 

Since the positive energy theorem was proved by Schoen and Yau [[Tll^ there have 
been many attempts to strengthen this result in the case of black holes (see (SHHl 
for a review). They were motivated by the weak cosmic censorship conjecture of 
Penrose which led him to the conclusion IQ that 



( 1 ) 


where Madm is the Amowitt-Deser-Misner mass and A is an area of a black hole 
horizon. It seems that a knowledge of the global structure of spacetime is not 
necessary to obtain inequality O- It should be also satisfied for asymptotically 
flat initial data admitting a trapped surface with area A. In order to prove it several 
quasi local definitions of mass [IBEl were used. In the case of spherical symmetry 
inequality ([T]) was obtained for maximal data by Malec and Murchadha (111 and 
then generalized by Hayward [HI. One of the most important recent results is 
a proof of the Penrose inequality for time-symmetric data ifT^fTTI . The general 
case remains an open problem, although there are some indications of how to 
solve it IIT^ . 
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Soon after publishing the paper of Schoen and Yau the positivity of the Bondi 
mass (also called the Trautman-Bondi energy) was established IfTSlfT^ . There 
were also attempts to prove the Penrose inequality for the characteristic data |[l5l 
m (see Q for a discussion). 

Recently, an alternative proof of the positivity of energy of a null surface 
u = const was presented by Chrusciel and Paetz IfTTlI and Tafel ITT^ (see also 
m)- A drawback of this proof is that it assumes a regular cone properties of 
the null surface. In the present paper we do not make this assumption. We ex¬ 
press the Trautman-Bondi energy in terms of null expansions of 2-dimensional 
cuts of u = const. Then we consider a limit of integral consequences of the 
Einstein equations when the event horizon is approached. Under some regularity 
assumptions, the positivity of the Trautman-Bondi energy follows. Moreover, we 
obtain an inequality which becomes the Penrose inequality if asymptotic data on 
the horizon and at null infinity are appropriately correlated. The latter result is not 
a proof of the Penrose inequality in terms of initial data. It rather shows that this 
inequality can be satisfied, even if the gravitational collapse did not approach the 
equilibrium state represented by the Kerr metric. 

In section 2 we introduce the Bondi-Sachs approach to asymptotical flatness 
[l20l[2Tll and its version [[22l with an affine coordinate instead of the luminosity 
distance. We present several forms of the Trautman-Bondi energy. Following 
nil, in section 3, we use one of the Einstein equations in order to obtain a lower 
bound of the energy as an integral over a cut of the surface u = const. In section 
4, we assume that metric admits an event horizon H with a reasonable level of 
regularity. We show that there exists an affine distance r which is constant on 
H. This allows to continue the energy inequality of section 3 to the horizon. 
In this way we obtain a lower bound of the energy (see equation (l5TI) l given by 
value of r on FT with a correction depending on data at null infinity. Under an 
assumption about a long time behavior of asymptotic data the Penrose inequality 
follows. In section 5, we test the above results for the Kerr metric written in terms 
of coordinates closely related to those of Fletcher and Fun ll23l . In this case, 
surfaces u = const have conical singularities at 6^ = 0, tt. A direct calculation 
made with Mathematica 10 shows that energy inequality (l5TI) is stronger than the 
Penrose inequality. 


2 The Trautman-Bondi energy 

The approach to gravitational radiation originated by Bondi assumes a foliation 
of spacetime by null surfaces u = const of the form R x S 2 . The factor R 
corresponds to null geodesics generated by and S 2 is the 2-dimensional 

sphere. In adapted coordinates (called the generalized Bondi-Sachs coordinates 
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in |l23l) metric can be written in the form 

g = du{goodu + 2gQidr + 2uAdx"^) + gAsdx^dx^ . (2) 

Coordinate x^ = u is interpreted as a retarded time and x^, where A = 2, 3, are 
coordinates on S 2 . The standard metric of the sphere is given by sab- One can 
still impose a condition on the coordinate x^ = r. That of Bondi and Sachs reads 

a = r‘^as , (3) 

where 

a = y /det gAB , = Vdet sab ■ (4) 

In this case r is called the luminosity distance. For an asymptotically flat metric 
condition ([3]) allows to write conveniently the total energy corresponding to the 
surface u = const 

E{u) = ^ [ MsCTsd'^x . (5) 

47r Js2 

Here Mb is a function of u and given by the asymptotic expansion gQo ~ 
1 — Function E is called the Bondi mass or the Trautman-Bondi energy since 
it coincides with energy defined in a different way by Trautman ll2^ . If the Ricci 
tensor vanishes sufficiently quickly at null infinity then E{u) diminishes with time 
what is interpreted as an effect of the outgoing gravitational radiation Il20ll21[|24l . 

In order to find inequalities satisfied by E, it is more convenient to replace con¬ 
dition ([3]) by the Newman-Unti condition = 1 (see lf25ll for a recent discussion 
of this gauge). Then metric reads 

g = du{goodu -f 2dr + 2uAdx^) + gABdx^dx^ (6) 

and r is the affine parameter along null geodesics tangent to m = const. If not 
stated otherwise, in the rest of the paper we assume that metric is given by ® in 
a part of spacetime of the form Ad' = (mq, Mi) x (ro, 00 ) x S 2 . Function goQ, form 
UAdx^ and tensor gAndx^dx^ are smooth (with exceptions in section 5) on Ad'. 
Moreover, the following asymptotical flatness conditions (see ifT^ ) are assumed 


5'oo = 1 + - 2Mr ^ + 0(r (7) 

gAB =-SABr‘^+ nABr + niAB + 0{r~^) ( 8 ) 

0OA = iJA + kaM^ + 0(r"2) . (9) 

Here, all coefficients are independent of r and 

n = -s'^^nAB ■ (10) 
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Given one ean define the Bondi luminosity distanee (now denoted by 

vb) as 



It follows from dS]) that asymptotically 

vb = r + + 0{r~^) . ( 12 ) 

In order to define energy ([5]), we can use expressions for Mb following from (20) 
and (32) in |[T^ 

Mb = ^ lim {a^r + + 2a„) (13) 

4(7^ r^oo 

Mb = ^ lim (2a^r + + 2a „) + , (14) 

Wg r^oo 5 

where 

= u^ua - goo ■ (15) 

(Remark: There should be a minus sign before goo in (21) in ifT^ . This change 
does not have an impact on further considerations in [fT^ f. 

Expression ([5]) can be written in terms of expansions 9± of null rays emit¬ 
ted orthogonally from 2-dimensional surfaces S{u, r) given by constant u and r. 
Outgoing rays are tangent to dr and ingoing ones are tangent to 

k = g^^dr + 2du — 2u^dA ■ (16) 

The scalar product of these vectors yields 

g{k,dr) = 2. (17) 

The Lie derivative of g with respect to dr and k defines tensors on S{u,r) with 
traces given by 

6>+= (Ina),,. , 6>_ = 5 (^^(lna),r-f 2(lna),„ - , (18) 

where |a denotes the covariant derivative with respect to metric gAB- Hence, equa¬ 
tion (fT3l) is equivalent to 

Mb = lim a{6+ + 6_ + 2cef^) (19) 

4(75 ' 

and dS]) takes the form 

E{u) = - lim [ (6*+ -f 9J)a(f‘x . (20) 

IOtT r-^oo 
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Note that given a spherieal surfaee S, expansions 6± are not uniquely defined 
loeally sinee null veetors orthogonal to S are given up to a eonformal faetor. Thus, 
{9+ + 6'_) cannot be considered as a quasi local mass related to S. In order to dis¬ 
tinguish expansions giving rise to (l20l) one should follow outgoing null geodesics 
emitted orthogonally from S and establish an affine parameter r by means of the 
condition gAs ~ Once this is done, vector (fT^ is also uniquely defined 

as a null vector orthogonal to S and satisfying (fT71) . 


3 Energy inequalities 

In [fTTlflSll it was shown that if a null surface u = const can be continued to 
the past up to a regular vortex, the corresponding Trautman-Bondi energy is non¬ 
negative provided that some of the Einstein equations and the dominant energy 
condition are satisfied. These equations are equivalent to the Raychaudhuri equa¬ 
tion Rn = Til and equation q^^Rab = Q^^Tab — T, where T = and R^y 
and are, respectively, the Ricci tensor and the energy-momentum tensor. They 
read 

(lna),rr - -QABAd'^A = “^11 (21) 

a-\a9.),r - R^^^ + = T - g^^TAB , (22) 

where 9- is given by (fTSl) and is the Ricci scalar of metric gAB- In this section 
we analyze these equations with no assumptions regarding existence of vortices 
of surfaces u = const. 

Integrating (|2^ with density a over a surface S'(m, r) of constant u and r yields 


/ {a9- -f 2asr)^r(f‘x = / Pa(fx , 

' S{u,r) JS{u,r) 


where 


P = T- g^^TAB - ^gABU^cj^ 


,r 


and the Gauss-Bonet theorem 


R^'^'^ad^x = —Svr 


(23) 


(24) 


(25) 


'S2 


has been used. In view of ([5]) and (fT4l) integration of (1231) from r to cxo leads to 


167rT(M) = f {2asr +-nag + cr9_)d‘^x + ( dr' f 

Js{u,r) 2 Jr J S{u,r') 


Pad^x. (26) 
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Note that the r. h. s. of (|2^ ean be ealeulated for any value of r. 

If the dominant energy eondition is satisfied, then P > 0 [fT^ and it follows 
from (|2^ that 


^ 1 1/ V 1 /■ . ,9 

E > -r H—(n) H - / aO^Px , 

-2 8 ^^ lQnJs(u,r) 


(27) 


where (n) is the w-dependent mean value of n over S 2 


(n) = — [ nasCpx . (28) 

47 ^ Js, 

The integral term in (1271) is negative for big values of r beeause metrie is asymp- 
totieally flat. In order to show that the sum of the first two terms is positive, let us 
write equation (|2T]) in the following form 



-^r^9AB,rg^^ - = r^Tn , 

(29) 

where 

1 

r = r + -n 

4 

(30) 

and 

gAB = r‘^9AB , a = r^a . 

Integrating (l29l) between r and oo yields 

(31) 


POO 1 1 

f2(ln(j),^ = j (r' + -nf{Tn - -gAB.vg^^Mr' , 

(32) 


where approximation (fT^ was used to obtain 


lim f‘^{lna)^r = 0 . (33) 

r—>-CX) ’ 


For big values of r there is f > 0. Suppose that we diminish r along an integral 
line of u’°‘da and aehieve a point p where f = 0. Then 

f^(ln(j)^r ='^^(Incr)^r — 2f = 0 at p. (34) 

If the dominant energy eondition is satisfied, equation (l3^ implies 

Til = 0 , PaB = , fAB,r = 0 (35) 

everywhere on the line from p to oo. It follows from (1351) that pab is degenerate at 
p, so this point is either singularity or a vortex of the eone u = const. In any ease 
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it cannot belong to the considered domain M'. Thus, without a loss of generality 
we can assume that in this domain 


f = r H —n > 0 , 
4 


(36) 


hence 

r + - (n) > 0 . (37) 

Among all (positive) affine coordinates f = r + is distinguished by the 
asymptotical flatness conditions. From (fTTl) and (fT^ one obtains 

a = + 0(1) if r —>■ oo . (38) 


Since there is no term linear in f in (l3^ the coordinate f can be considered as the 
best affine approximation of the luminosity distance . If r = f inequality (ITTl) 
can be further simplified in the following way. From (l3^ one obtains 


dr > 0 


(39) 


(note that this inequality is stronger than d r > 0 obtained by a direct integration 
of (1^1. Since limr^oo d = cr^, inequality (l39l) implies 

cr < (Jsf ^ . (40) 


If f = const, then integrating (l40l) over coordinates leads to 

A < 47rf^ , (41) 

where A is an area of S{u, r). Substituting f > TT into (1271) yields 


E > 



1 

IGtt 


ad_(rx 


' S(u,r) 


(42) 


Because of the integral terms in (ITTl) and (l42l) we are not able to prove that 
E > 0. We will show in the next section that this situation may change if S{u, r) 
approaches the event horizon. 


4 Energy estimates on the event horizon 

In this section we will investigate a long u limit of (1271) for spacetime containing 
a black hole region. We will make the following assumptions: 

(i) Spacetime M. admits a submanifold M' isomorphic to (mq, cxo) x (ro, cxo) x 
S 2 with metric db]) satisfying conditions ©-dH). 
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(ii) A4' has a smooth boundary H (horizon) where u = oo. Metrie ® ean be 
eontinued through H in another system of eoordinates. 

(iii) There exists a positive funetion (3 on Jvi' sueh that field /q = (3dr extends 
to if as a nonvanishing null veetor tangent to H. 

In the eonformal approach (Si to asymptotical flatness, the future null infinity 
is identified with the boundary (scri) of the compactified spacetime. Given the 
section u = const of the physical metric can be always transformed to the 
form ® in a neighborhood of the section. What is important in assumption (i) is 
that this neighborhood does not shrink to the point when u ^ oo. Assumption 
(ii) is rather standard in the theory of black holes, however, in general, the horizon 
does not have to be smooth. If it is smooth, we may expect that H together 
with surfaces u = const form a regular null foliation given by levels of a new 
coordinate u = f{u) finite on H. If has a nonvanishing gradient on H then 
lo = u’^^da = f,udr assures condition (iii). Thus, (iii) refers to regularity of 
a passage from surfaces u = const to H. Note that all conditions (i)-(iii) are 
satisfied by the Schwarzschild solution. 

Proposition 4.1. If conditions (i)-(iii) are satisfied then there exists an affine co¬ 
ordinate r such that 

r = Th = const on H . (43) 

Proof Vector dr is singular on H since dr = w^da and u = oo on H. A derivative 
of u along a curve which crosses surfaces u = const and approaches H cannot be 
bounded. The necessary condition to prolongate j3dr to H is 

/3 = 0 on H . (44) 

Let Iq = dr in coordinates x'^ = f , r', nonsingular in a neighborhood of H. 
From (l44l) and = 1 it follows that (o(^) ^ 0 when H is approached. An 
integral of lo{r)dv between vi and V2 along null lines tangent to m = const tends 
to zero. Hence, if r is finite at a point p of H, it is constant along a null geodesic 
which is tangent to H and passes through p. If we choose an affine coordinate r 
such that r = ro on a spacelike surface S intersecting H then (1431) is satisfied with 
rn = To. 

□ 


Condition (l43l) says nothing about derivatives of r on iL. If they exist then 


r'^df, = - 7/0 on H , (45) 

where 7 is a nonnegative function. Since 

^11 ^ = 0 on H (46) 
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function /(3 may be nonsingular on H (e.g. it happens if and f3 have first 
order zeros at points of H). In this case 

g^^dr = -alo , (47) 

where function a > 0 is nonsingular on H. Moreover, since 

r’f^d, = g^^dr + d^-u^dA, (48) 

vector du — oj^Oa is also nonsingular and null on H 

du — oj^Oa = (a — 7 )/o on H . (49) 

Note that du — is tangent to surfaces r = const and orthogonal to their 
foliation by m = const. Thus, regularity of du — cu^dA on H can be understood 
as regularity of this foliation. Summarizing, if g^^/(3 and derivatives of r are 
nonsingular on H then vectors r’^d^, g^^dr and du — uj^dA are extendible to the 
horizon and parallel to null generators of H. 

The main result of this paper is given by the following proposition. 

Proposition 4.2. Let (i)-(iii) and the dominant energy condition be satisfied and 



0 < lim < oo . 

r^oo 

(50) 

Then 




1 1 

E{u) > -Th + gHoo > 0 , 

(51) 

where 

(’^)oo = liiaisup„^oo(n) and condition is assumed. If moreover, 



lim {n — (n)) = 0 

ti—>-oo 

(52) 

then 

IV 

(53) 


where Ah is the area of a spacelike spherical section of H. 


Proof Let r be the affine coordinate satisfying (1431) and Snbea spacelike spheri¬ 
cal surface contained in H. We extend Sh to a spacelike section E of surrounding 
surfaces u = const and modify r in such way that r = rn on T. and H. Let Su 
denote an intersection of E with u = const. It follows from (fT^ and (fTVl) that 
/co = k/P is the unique null vector which is orthogonal to surfaces Su and satis¬ 
fies g{ko, lo) = 2. Thus, ko is also defined on Sh- It is possible only if vector k 
vanishes when H is approached 


k = D on Sh ■ 


(54) 
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Let us consider inequality (ITTl) for Su in the form 

BM>|r + i(n)+^£Lrt. (55) 

where x = crdx"^ A dx^ and Lk denotes the Lie derivative along vector (O. If 
u ^ oo inequality (1551) yields 


Eoo > 


1 1/ V 

-th + -{n)oo + 


- lim 

IGtT u^oo 



(56) 


where E^o is the limit of function E{u) (note that E^u < 0 under condition (l50l) 
[l26ll L In virtue of (l54l) the last term in (15^ vanishes (to show this it is convenient 
to extend fco and x from S to its neighborhood and introduce new coordinates 
such that ko = dr and x does not contain differentials dr). Hence, inequality (l5^ 
reduces to 

Eoo> + Q{n)oo ■ (57) 

Z o 

Using again E^u < 0 and (ITtI) implies (l5TI) . 

Integrating (|4^ over Su yields 



(58) 


where Au is the area of Su and 



(59) 


is the mean value of mS over the sphere. If condition (l52l) is satisfied and u is big 
enough, then the last term in (1581) becomes smaller then Au. In view of (ITTI) one 
obtains _ 


—Au — {v?) + (n)^ < 4r + (n) 

TT 


(60) 


and 



< ru 


lim sup (n) 


(61) 


as a limit of (l60l) when m —)■ oo. A combination of inequalities (l5TI) and (IMl) yields 

(El. 


□ 


Equation (El means that for big values of u function n tends to a function 
f{u). If / has a limit for m ^ cx) then n —)■ const and 


f = r H —n = const on H . 
4 


( 62 ) 
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It is difficult to predict, if coordinates with properties (|4^ and (15^ exist. Perhaps 
one ean impose (15^ or even (l62l) using the Bondi-Metzner-Saehs (BMS) group. 
A supertranslation 

u' = u + + 0{r~^) , (63) 

where a is a function on the sphere, implies 

r' = f — 2 ^^^^ + (64) 

(see e.g. Il26ll ). where is the standard Laplaee operator on the sphere. We are 
not able to extraet a new function n' from (l64l) since the field u’^da ehanges non- 
trivially under (1631) and we do not know whieh new affine distance r' is constant 
on H. Still, a freedom of funetion a may be suffieient to obtain condition (l52l) in 
some coordinates. Then the Penrose inequality must be satisfied for any system 
of eoordinates m, r, x^. Moreover, surfaees u = const in eoordinates satisfying 
(15^ eould be used to define a system of “good cuts” of the scri J+. In this way 
the BMS group would be broken to the Lorentz group (or its subgroup) what is 
important for a definition of the angular momentum (see [iTTll for a review). 


5 Energy estimates in the Kerr metric 


In the Boyer-Lindquist coordinates the Kerr solution with a < m reads 

sin^ e 


, 2mr , , 9 Amar sin^ 6 , , 
g = {I - ir)dt H- 5 - dtdgD 


P 


P 


P" 


-d^p 


P^dr^ .2,n2 


p^de\ (65) 


where 

= r'^ + cos^ 9 , A = — 2mr + = (r^ + a^)^ — a^A sin^ 9 . (66) 

The event horizon is loeated at r = th, where 


Th = nri + \/ m? — . (67) 

The Kerr metrie takes the form Q in (singular) coordinates found by Fletcher 
and Lun |[23l . Below we derive an equivalent system of eoordinates in a simplified 
way. We start with the ansatz 

u = t + fi{r) + f2{9) . (68) 

Then from equation u^aU’^ = 0 one obtains 


f ^ 

u = t + e{ / —dr + ea sin 9) , e = ±1 , 


(69) 
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where 


A = ■v/r'^ + + 2a^mr (70) 

and e = —1 for the retarded time and e = 1 for the advaneed time. Coordinate 
u beeomes the Eddington-Finkelstein time in the Sehwarzsehild metric if a = 0. 
For a 7 ^ 0, surfaces given hy u = const and t = const have conical singularities 
at 6* = 0, TT directed to the exterior (e = 1) or to the interior (e = —1) of these 
surfaces. They smooth out when we approach the horizon. A freedom of e seems 
to be a new element with respect to coordinates defined in [|^ . 

Coordinates 9 and ip should be anihilated by vector u’°‘da- Functions of this 
type can be found again by separation of variables. A preferable choice for ip is 




ip — 2eam 




AA 


(71) 


and for 9 one can take a function of the variable 




6“-^ tan 


,9_ 

'2 



(72) 


where 

r dr' 

fir) = / X • 

Jrn ^ 

For our purposes it is convenient to define 

9 = 2 arctan^ + ^ (74) 

(this coordinate differs slightly from that in Il2^ f. Note that ^ takes values from 
the interval [—e^'^] which depends on r. 

In order to find an affine coordinate f, we have to solve equation u’°‘daf = 1. 
Its particular solution of the form fzir) + f/^i9) is given by 



—dr' + easing . 
A 


(75) 


It can be composed with a function of 9 and ip. In this way it is easy to construct 
an affine distance f which equals rn on H 


r = 



f ^ 

—dr' + ea(sin 9 
A 


sin 9) +rH- 


(76) 


Coordinates r and 9 coincide, respectively, with r and 9 on the horizon. For a > 0, 
coordinate ip is logarithmically divergent near H and it tends to if r —)■ oo. 
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Derivatives of u and f with respeet to 6 are finite but nonvanishing aX 6 = 0, tt. 
Henee, differentials of these eoordinates are divergent on the symmetry axis. For 
a = 0 coordinates (f, 0, (p) coincide with the standard coordinates (r, 9, ip) of the 
Schwarzschild metric. 

In the coordinates u, f, 9, ip the Kerr metric becomes more complicated than 
in the Boyer-Lindquist coordinates. In order to get a compact expression we write 
it down using components gu, gup, 9^^ of (1^ 


2mr 


g = du \gttdu — 2edr + 2gt^d(p — 2eea(cos^ 9 

L ^ pZ 


cos^ 9)dT ] (77) 


2ma?r 


+g^pipdip‘^ — (r^ + ^2 


cos^ 9) cos^ 9dT^ 


Aeema?r 


sin^ 9 cos^ 9dipdT , 


where 

dr = . (78) 

cos6' 

Here, r and 9 should be considered as functions of f and 9 defined by relations (1741) 
and (TT^ . For e = — 1, metric (1771) takes form (©. It has no singularity at r = th, 
so it can be continued through the past event horizon. In order to continue metric 
through the future horizon, we should use coordinates corresponding to e = 1. 

Although coordinates are singular, there are strong indications that inequal¬ 
ity (ISTl) should be satisfied. Conditions (i)-(iii) of section 4 are satisfied with 
(3 = A. One can show that equations (|2TI) and (l22l) are true, if we include in 
the Dirac delta terms at 0 = 0, vr. It follows from (1771) that functions are finite 
at 0 = 0, TT. Hence, inequality (1271) is still true and one can generalize the first 
part of Proposition 4.2 to the present case. We cannot apply its second part, since 
condition (1521) is not fulfilled. Instead, we will compute all ingredients of (15T1) 
numerically and compare the corresponding estimates for e = 1 and e = — 1 with 
the Penrose inequality (l53l) . 

Coordinate 9 is convenient to describe the Kerr metric near the horizon but, in 
order to analyze metric when u = const and f —)■ cxo, it is more convenient to use 
coordinate 9' given by 


,9 TT , ^ .9' 71. 

tan (---) = tan (---) , (79) 

where 

dr 

7 = ea / ^ . (80) 

Function n defined by (ITOl) is invariant under this change. Coordinate 9' tends 
to 9 at infinity and it coincides with the coordinate 9 in Il23ll . Function a (see 
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dH)) can be obtained either directly from (1771) or, more easily, by transforming the 
determinant of the Kerr metric (l65l) to the coordinates u, f, 9' and (p. It reads 

a = Asin 0 ^^. (81) 

cos 9' 

Expressing a in the new coordinates and expanding it according to (l38l) yields 
as = sin 9' and 


n = 



r^s , ,- cos^ 9 

—)dr + 4ea^— -^— 

A sm 9' — coth 7 


2ea 


cos 29' 
sin^' 


(82) 


As expected, formula (fTSl) implies Mb = m, hence E{u) = m. Function n is 
singular at 9' = 0, tt, however it is integrable over the sphere. We calculated its 
mean value (n) using Mathematica 10. For both values e = ±1, inequality (l5TI) is 
satisfied and (n) > 0. Thus, inequality (ISTl) is stronger than the Penrose inequality 
(1531) which in the case of the Kerr metric is equivalent to m > We obtain the 
following hierarchy of estimates 


(83) 


where subscripts ±1 correspond to e = ±1. All inequalities are saturated for 
a = 0. Differences between estimates grow monotonically when a/m —)■ 1. For 
a = m relation (1831) reads (approximately) 


m > 0, 74m > 0, 63m > 0, 50m . 


(84) 


In the case of the Kerr metric, we are not able to find coordinates which satisfy 
condition (1521) . A difference between expression (l82l) for e = —1 and e = 1 
shows that an action of the BMS supertranslations (l63l) is nontrivial and achieving 
condition (l52l) is not excluded. On the other hand, inequality (l83l) shows that this 
condition may be not necessary for a derivation of the Penrose inequality from 

dlB. 


6 Summary 

We have been considering the Trautman-Bondi energy E(u) of null surfaces u = 
const within the variant of the Bondi-Sachs formalism with the luminosity dis¬ 
tance replaced by the affine distance r. This energy can be written as the limit 
(I 20 I) of a mean value of null expansions of surfaces of constant u and r. If the 
dominant energy condition is satisfied, then the energy inequality (ITTl) follows 
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from one of the Einstein equations. It simplifies to (|4^ for a speeial affine eo- 
ordinate f. In section 4 we assume existence of a regular event horizon H such 
that appropriately scaled null vector field tangent to m = const extends to H. 
Then there exists coordinate r which is constant on H (Proposition 4.1), exactly 
as in the case of the Schwarzschild solution. Inequality (ISTI) follows in the limit 
of (1271) when the horizon is approached (Proposition 4.2). Under assumption (l52l) 
about a long time behavior of the asymptotic data, inequality (l5TI) converts into the 
Penrose inequality (1531) . In section 5, we present coordinates for the Kerr metric 
closely related to the generalized Bondi-Sachs coordinates of Fletcher and Lun. 
They have divergent derivatives at 6^ = 0, vr. Nevertheless, they can be used to 
illustrate the results of the preceding sections. Energy inequality (l5TI) is satisfied 
and it is stronger than the Penrose inequality. 
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